In this work we analyze the potential role of quasicrystals and related alloys in thermoelectric material research. Relatively large figure of merit values are expected for those samples exhibiting two properly located narrow features in the density of states close to the Fermi level. It is expected that optimized quasicrystals will perform better at relatively low temperatures, whereas the ZT curve of complex metallic alloys reaches its maximum at high temperatures. Among state-of-the-art quasicrystals most promising samples for thermoelectric applications are found in the AlPd͑Mn,Re͒ system. Quasicrystalline and related approximants in the ScMgCuGa and CaAuIn systems, synthesized on the basis of pseudogap tuning concepts, appear as promising candidates as well.
I. INTRODUCTION
The efficiency of thermoelectric materials ͑TEMs͒ for energy conversion or electronic refrigeration depends on their transport coefficients and it can be evaluated in terms of the figure of merit ͑FOM͒ given by the dimensionless expression
where T is the temperature, P͑T͒ϵ͑T͒S 2 ͑T͒ is the so-called thermoelectric power factor, ͑T͒ is the electrical conductivity, S͑T͒ is the Seebeck coefficient, and e ͑T͒ and l ͑T͒ are the charge carrier and lattice contributions to the thermal conductivity, respectively. In order to optimize ZT one then must search for materials exhibiting large power factors and low thermal conductivities, preferably governed by their lattice contribution ͑i.e., l ӷ e ͒. This explains the traditional interest in narrow gap semiconductors in the quest for good TEMs, the BiTe alloy family being the most widely used TEM at room temperature ͑ZT Ӎ 0.7͒. 1 Quasicrystals ͑QCs͒ are metallic alloys, representative of a novel condensed matter phase which can be regarded as a natural extension of the notion of a crystal to structures with quasiperiodic, rather than periodic, long-range order. Thus, QCs show an essentially discrete diffraction pattern ͑typical of well-ordered systems͒, although exhibiting unusual symmetry arrangements of the diffraction spots, related to icosahedral, octogonal, decagonal, and dodecagonal symmetries. 2, 3 Shortly after the discovery of thermodynamically stable QCs of high structural quality in the AlCu͑Fe,Ru,Os͒, AlPd͑Mn,Re͒, ZnMg͑RE͒, and Cd͑Yb,Ca͒ icosahedral systems, 4 it was progressively realized that these materials occupy an odd position among the well-ordered condensed matter phases. In fact, since QCs consist of metallic elements one would expect they should behave as metals. Nonetheless, it is now well established that transport properties of stable QCs are quite unusual by the standard of common metallic alloys, as most of their transport properties resemble a more semiconductorlike than metallic character. 2, 3 For the sake of comparison in Table I we list a number of characteristic physical properties of both metals and QCs. By inspecting this table one realizes that quasicrystalline alloys significantly depart from metallic behavior, resembling either ionic or semiconducting materials. Thus, high-quality QCs provide an intriguing example of solids made of typical metallic atoms which do not exhibit most of the physical properties usually signaling the presence of metallic bonding.
For instance, their electrical conductivity ͑1͒ is remarkably low, ranging from about 10 2 to 10 4 ⍀ −1 cm −1 at room temperature, ͑2͒ steadily increases as the temperature increases up to the melting point, and ͑3͒ is extremely sensitive to minor variations in the sample composition, resembling doping effects in semiconductors. In addition, QCs bearing transition metals in the systems i-AlCu͑Fe,Ru,Os͒ and i-AlPd͑Mn,Re͒ exhibit significantly large thermoelectric power values ͑30-120 V K −1 ͒ as compared to those of typical metallic systems ͑1-10 V K −1 ͒ at room temperatures, and the temperature dependence of the Seebeck coefficient usually deviates from the linear behavior ͑character-istic of electron diffusion in ordinary metallic alloys͒, exhibiting pronounced curvatures at temperatures above ϳ50-100 K. Furthermore, the thermal conductivity of QCs is about two orders of magnitude lower than that of common metals, within the range of ϳ1-5 W m −1 K −1 at room temperature, and it is mainly determined by the lattice phonons, rather than by the charge carriers, over a wide temperature range. This property is particularly remarkable in the light of Slack's phonon-glass and electron-crystal proposal for promising TEMs. 5 In summary, according to Eq. ͑1͒ the unusual behaviors reported for both the electronic and thermal transport properties, when taken together, clearly favor a FOM enhancement. Therefore, QCs occupy a very promising position in the quest for novel TEMs, naturally bridging the gap between semiconducting materials and metallic ones. 
II. PHYSICAL MOTIVATIONS
The main advantage of QCs is that one can efficiently exploit the high sensitivity of their transport coefficients to stoichiometric changes in order to properly enhance their power factors, thereby optimizing the numerator in Eq. ͑1͒, without sacrificing their characteristic low thermal conductivity. This property is illustrated in Table II , where we list the power factor and FOM values for several i-AlPdRe representatives. The samples are listed according to the value of the so-called average electron per atom ratio, e / a, which is obtained from their stoichiometric composition by assuming the valence values Al= +3, Pd= 0, and Re= −3.66. In so doing, one generally assumes that the Hume-Rothery mechanism plays a substantial role in QC stabilization, and the transition atoms take electrons from the conduction band, hence adopting a negative effective valence. 8, 9 As we can see, P and ZT values differing by more than two orders of magnitude can be attained in a single QC system by slightly changing the sample's composition by a few atomic percent ͑hence preserving the quasiperiodic crystalline structure͒. We also note that both positive and negative values of the thermopower can be obtained in this way, which allows for both the n-and p-type legs in a typical thermoelectric cell to be fabricated from the same material. 10 In Room temperature values of the transport coefficients and FOM for QCs belonging to different families as reported in the literature. The e / a ratio has been obtained by assuming the valences Cu= +1, Ag= +1, Mg= +2, Cd= +2, Zn= +2, Yb= +2, In= +3, Ga= +3, Er= +3, Si= +4, Mn= −3.66, Fe= −2.66, and Ru= −2.66.
Sample
Ref. 20 These crystals have not only very similar compositions in the phase diagram but also structures closely resembling that of related QCs and exhibit most of their characteristic transport property anomalies as well.
These experimental results clearly highlights the important role of band structure effects in the thermoelectric response of QCs and related alloys, suggesting that additional improvement may be attained by a judicious choice of both sample composition and processing conditions. In fact, some time ago it was proposed on sound theoretical basis that the best TEM is likely to be found among materials exhibiting a sharp singularity in the density of states ͑DOS͒ close to the Fermi level, and that the larger the DOS value at the Fermi level, the smaller the FOM value at low temperatures. 21 Quite interestingly the electronic structure of QCs fits in this framework in a natural way since their electronic structure is characterized by two main contributions: ͑1͒ a pronounced pseudogap at the Fermi level 2, 22 and ͑2͒ several narrow spectral features in the DOS near the Fermi level. 23, 24 
III. PHENOMENOLOGICAL APPROACH
Inspired by these physical motivations we have undertaken a prospective theoretical study on the potential of different QCs and related alloys as TEMs on the basis of their peculiar electronic structure. 6, [25] [26] [27] [28] In order to make a meaningful comparison with experimental measurements one should take into account possible finite lifetime and temperature broadening effects. In so doing, it is observed that most finer details in the DOS are significantly smeared out and only the most conspicuous peaks remain in the vicinity of the Fermi level at room temperature. 29 These considerations convey us to reduce the number of main spectral features necessary to capture the most relevant physics of the transport processes. Following previous works we consider a realistic model for the electronic structure of transition metal bearing, Al-based i-QCs, and related phases in terms of the spectral conductivity function ͑defined as the T → 0 conductivity with the Fermi level at energy E͒ given by
This model includes six parameters, determining Lorentzian's heights ͑ / ␥ i ͒ and widths ͑ϳ␥ i ͒, their positions with respect to the Fermi level, ␦ i , and their relative weight in the overall structure, ␣ Ͼ 0. The parameter is a scale factor measured in ͑⍀ cm eV͒ −1 units. The overall behavior of this curve ͑see Fig. 1͒ agrees well with the experimental results obtained from tunneling and point contact spectroscopy measurements, where the presence of a dip feature of small width ͑20-60 meV͒, superimposed onto a broad ͑0.5-1 eV͒ asymmetric pseudogap, has been reported. 23, [31] [32] [33] Thus, Eq. ͑2͒ satisfactorily describes the electronic structure of these alloys in terms of a wide Lorentzian peak ͑related to the Fermi surface-Brillouin zone interaction͒ plus a narrow Lorentzian peak ͑related to sp-d hybridization effects͒. 8, 9 In this regard, it is important to note that the resulting narrow dip at the center of the pseudogap mainly stems from the HumeRothery mechanism and it is only marginally related to the possible existence of long-range order, quasiperiodicity related spiky features in the DOS. This spiky component ͑over an energy scale of about 10 meV͒ is still awaiting for a definitive experimental confirmation, as it was originally obtained from self-consistent ab initio calculations, 34 and the very nature of its physical origin has been extensively debated in the literature. [35] [36] [37] [38] [39] Suitable values for the electronic model parameters appearing in Eq. ͑2͒ can be obtained by properly combining ab initio calculations with experimental transport data within a phenomenological approach previously described. 3, [40] [41] [42] Note that in the limit ␣ → 0 ͑i.e., the model narrow feature becomes negligible͒ the spectral conductivity function given by Eq. ͑2͒ adopts a simple parabolic form around the Fermi level and the temperature dependence of the transport coefficient obtained from Eqs. ͑8͒-͑10͒ exhibits a typically metallic behavior. Accordingly, the presence of the second spectral feature in Eq. ͑2͒ is necessary in order to properly account for the unusual transport properties reported in QCs and related alloys.
The temperature-dependent transport coefficients can be obtained from the knowledge of the spectral conductivity function by means of the Kubo-Greenwood version of the linear response theory. Within this approach the electrical, j, and thermal, h, current densities are related to the voltage and temperature gradients, respectively, according to the expression
͑3͒
The central information quantities are the kinetic coefficients
where f͑E , , T͒ is the Fermi-Dirac distribution function, E is the electron energy, and is the chemical potential. In this Table V formulation all the microscopic details of the system are included in the ͑E͒ function. From the knowledge of the kinetic coefficients one obtains the electrical conductivity
the thermoelectric power
and the electronic thermal conductivity
in a unified way. Then, by expressing Eqs. ͑5͒-͑7͒ in terms of the scaled variable x ϵ͑E − ͒␤, where ␤ ϵ͑k B T͒ −1 , the transport coefficients can be rewritten as
in terms of the reduced kinetic coefficients, where c ϵ 2e / k B ,
Plugging Eqs. ͑8͒-͑10͒ into Eq. ͑1͒ one gets
where ͑T͒ϵ l ͑T͒ / T. Making use of Eq. ͑2͒ the kinetic coefficients can be expressed in the polynomial form, 40 On the other hand, at high enough temperatures we have 42 
2 / 5, and l → 0, so that the term J 0 J 2 ϳ T 4 dominates the denominator of Eq. ͑12͒, and we obtain ZT = 20 21b
The reliability of Eq. ͑15͒ can be estimated from the hightemperature ZT values derived from the electronic model parameters listed in Table IV for suitable 18 Since ZT is a continuous function of T, the functional dependence of the FOM in the low-and high-temperature limits guarantees that ZT must attain a maximum value at some intermediate temperature. According to several transport measurements l ϳ T n ͑with n = 1.2-1.7 in the 100-300 K interval͒, 42 whereas e ϳ T 3 above 200 K, 43 so that the ratio l / e ϳ T −3/2 progressively reduces as the temperature increases. By expressing Eq. ͑1͒ in the form 
, ͑16͒
we realize that electronic structure effects play the major role in determining ZT in the intermediate temperature regime. Thus, by keeping terms up to ␤ −2 in Eqs. ͑13͒, Eq. ͑16͒ takes the form
where A 3 ϵ 4b 1 2 and A 1 =26bJ 02 / ͑5J 20 ͒. The largest ZT value will be obtained when A 1 = A 3 , hence minimizing the denominator in Eq. ͑17͒. In that case the best performance temperature is given by
where 1 is measured in eV −1 , leading to the optimal FOM value ZT ‫ء‬ Ӎ 1.27. This is a significantly large figure compared to those reported for current benchmark TEMs. The value of 1 can be experimentally determined from the Seebeck coefficient slope at low temperatures from the expression S͑T͒Ӎ−2͉e͉ −1 b 1 T. 26 In this way, an empirical correlation between ͉ 1 ͉ and ZT values was disclosed for a series of i-AlPdMn samples with different stoichiometric compositions. 44 In fact, the ZT͑ 1 ͒ curve exhibits a deep minimum, where ZT almost vanishes, at e / a Ӎ 1.74, flanked by two maxima at about 1 Ӎ −25 eV −1 and 1 Ӎ +40 eV −1 . Then, the ZT overall behavior can be traced back to the topology of the spectral conductivity function close to the Fermi level by means of Eq. ͑14͒: when the Fermi level is located close to the pseudogap minimum, Eq. ͑14͒ yields very small 1 values. In that case, one gets small figures of ZT at room temperature, in agreement with the experimental results, whereas as the Fermi level progressively shifts from the pseudogap's minimum, the ZT values progressively increase attaining well-defined maxima.
IV. ELECTRONIC STRUCTURE REFINEMENT
In order to obtain convenient electronic structures we have optimized Eq. ͑14͒, under the physical restrictions ␣ Ͼ 0 and ␥ i Ͼ 0, to obtain the refined electronic model param-
, and ␣ = ͱ 2⑀ / ␦ in terms of the reference values ␦ 1 and ␦ 2 , where Table V we present the refined electronic model parameters corresponding to the samples listed in Table IV along with their optimal FOM at the best performance temperature. By comparing Tables IV and V two main conclusions can be drawn. First, ␣ Ͼ ␣ in all considered cases. This indicates that in the refined electronic structure the spectral feature related to sp-d hybridization effects plays a more significant role. Second, the widths of both spectral features become comparable to each other, hence indicating that the Fermi surface-Brillouin zone interaction becomes comparable to sp-d hybridization effects. Detailed ab initio band structure calculation showed that the half-width ␥ i parameters of the spectral conductivity model can be related to the diffusivity of the corresponding states. 45, 46 In fact, generally speaking the conductivity spectrum takes into account both the DOS structure, N͑E͒, and the diffusivity of the electronic states, D͑E͒, according to the relationship ͑E͒ = e 2 N͑E͒D͑E͒. Thus, although it may be tempting to assume that the ͑E͒ function should closely resemble the overall structure of the DOS, it has been shown that a dip in the ͑E͒ curve can correspond to a peak in the DOS at certain energies. 45, 47 This behavior is likely to be related to the peculiar nature of critical electronic states close to the Fermi level. 3, 48, 49 Accordingly, the narrowing of the ␥ 1 parameter in the refined model can be interpreted as higher localization of electronic states induced by an enhancement in the covalent bonding nature in the cluster network, 50 in agreement with photoconductivity measurements. 51 Note that optimizing 1 is a necessary but not sufficient condition to attain the optimal ZT value characterized by A 1 = A 3 in Eq. ͑17͒. Accordingly, the FOMs reported in Table  V are not the ͑ideally͒ best possible ones ͑though they actually improve the best records reported to date for the corresponding samples͒. In Fig. 1 the corresponding spectral conductivity functions are compared in an energy window close to the Fermi level. The ͑E͒ curve of the i-QC is characterized by a pronounced pseudogap with steep wings and the Fermi level is very close to its dip. Both the depth and the width of the pseudogap progressively reduce as the atomic volume of the considered alloy decreases ͑N / V = 66.53 at nm −3 for -Al 73 Pd 22.9 Mn 4.1 and N / V = 69.0 at nm −3 for 1 / 1-Al 73.6 Mn 17.4 Si 9 ͒ and the location of the pseudogap minimum progressively shifts below the Fermi level as well. The overall structure of the DOS close to the Fermi level is directly related to the thermoelectric performance of the corresponding sample, as it is illustrated in the ZT curves shown in Fig. 2 . In fact, since 1 depends on the slope of the DOS close to the Fermi level according to Eq. ͑14͒, the steeper the slope of the ͑E͒ curve at E F , the steeper the Seebeck coefficient ͑and consequently the ZT͒ curve at low temperatures. Accordingly, the i-QC exhibits a substantially larger FOM value than the other related phases in the low temperature At this point some words are regarding the very possibility of tailoring the electronic structure properties of actual QCs and their related approximant phases in practice. As it is well known no definite guideline for the discovery of new QC systems has been found and the rules for tuning their electronic properties are far from being properly understood. Notwithstanding this, very promising results have been recently reported on the basis of pseudogap tuning concepts. 52 Within this framework one starts by choosing an appropriate trial sample candidate ͑e.g., a polar intermetallic Zintl phase͒ taking into account its crystal symmetry ͑according to the group-subgroup relationships͒, the existence of structural clusters with the appropriate fivefold symmetry, and the presence of a significant pseudogap in the DOS below the Fermi level. Then, the average electron per atom ratio is systematically changed by substituting metal cations by electronricher elements ͑shifting the Fermi level toward the DOS minimum͒ of comparable ionic radius ͑hence preserving the structural network͒ having low-lying d orbitals ͑which favors the sp-d orbital mixing and bond formation͒. In this way, icosahedral QC and related approximants in the ScMgCuGa and CaAuIn systems have been obtained from the parent cubic crystals Mg 2 Cu 6 Ga 5 and Na 2 Au 6 In 5 , respectively. 53 Since these compounds are synthesized following a welldefined band structure engineering process from the very beginning, it is reasonable to expect that the electronic structure refinement considered in the present work may be attainable ͑at some degree at least͒ in the years to come.
V. CONCLUSIONS
From the experimental data listed in Table III one realizes that the larger FOM values at room temperature obtained to date are those reported for samples belonging to the AlPd͑Mn,Re͒ system. The results obtained in this work indicate that improved thermoelectric properties may be expected in these materials by properly engineering the band structure close to the Fermi level. According to Fig. 2 one should expect that QCs perform better at low temperatures, whereas the ZT curve of complex unit-cell phases reaches its maximum at high temperatures. In addition to the AlPd͑Mn,Re͒ phases ͑which have already been widely studied͒ the recently synthesized Sc 16 Table V 
